Preparation of pure states on networks of quantum systems by controlled dissipative dynamics offers important advantages with respect to circuit-based schemes. Unlike in continuous-time scenarios, when discrete-time dynamics are considered, dead-beat stabilization becomes possible in principle. Here, we focus on pure states that can be stabilized by distributed, unsupervised dynamics in finite time on a network of quantum systems subject to realistic locality constraints. In particular, we define a class of quasi-locality notions, that we name "tree-like hypergraphs," and show that the states that are robustly stabilizable in finite time are then unique ground states of a frustration-free, commuting quasi-local Hamiltonian. A structural characterization of such states is also provided, building on a simple yet relevant example.
achieve finite-time stabilization, namely, to reach an invariant target state with zero error in finite time. This cannot be done with continuous-time Markov dynamics, even allowing for time-inhomogenous evolution [16] . Sufficient conditions for the existence of sequences of locality-constrained quantum maps ensuring finite-time stabilization of a target pure state are provided in [16] . When, in addition, robustness with respect to the order of the maps in the sequence is demanded, they always imply the existence of a Hamiltonian that is the sum of commuting quasi-local components, and for which the target is the unique ground state. In general, whether the latter is actually necessary for robust finite-time stabilization remains an open question.
Here, by specializing to a specific class of locality notions, we are able to provide a full characterization of finite-time robustly stabilizable states, and a positive answer to the above question. The locality notion we study is associated to hypergraphs that have a tree-like structure, as we will formally define in Section III-A, including physically-motivated linear graphs and trees. The condition is that the canonical parent Hamiltonian of the state is commuting -a condition that is easy to check from the knowledge of the state and the locality notion. In the concluding section, we show that the condition entails the existence of a quasi-local virtual particle description of the the state itself, according to which the state looks factorized.
II. PRELIMINARIES AND EXISTING RESULTS

A. Quasi-locality constraints via hypergraphs
We shall focus on a finite-dimensional, multipartite quantum system consisting of n (distinguishable) subsystems, defined on a tensor-product Hilbert space, H " n â a"1 H a , a " 1, . . . , n, dimpH a q " d a ă`8.
The state of the system is described by a density operator ρ P DpHq, where DpHq Ă BpHq denotes the set of traceone, positive semidefinite operators in the set of all linear operators BpHq on H.
In order to account for physical locality constraints on operators, measurements, and dynamics on H, we impose a neighborhood structure on H. Following [11] , neighborhoods N j are subsets of indexes labeling the subsystems, that is, N j Ĺ t1, . . . , nu, j " 1, . . . , N. Mathematically, neighborhoods are hyperedges specifyng an hypergraph [19] , which we refer to as a neighborhood structure, N " tN j u. A neighborhood operator M is an operator on H such that there exists a neighborhood N j for which we can write M " M Nj b I N j , where M Nj accounts for the action of M on subsystems in N j , and I N j " Â aRNj I a is the identity on the remaining ones. Once a state ρ and a neighborhood structure are assigned on H, a list of neighborhood reduced states can be computed by letting
where Tr N j indicates the partial trace over the tensor complement of N j , namely,
B. Quasi-local Markov dynamics and stabilization
We consider general non-homogeneous, discrete-time Markov dynamics on H. In the quantum domain, the role of stochastic matrices is taken by completely-positive (CP), trace-preserving (TP) quantum maps. A CP map is a linear map on BpHq, that can be given an operator sum representation (OSR) [20] :
where : denotes the adjoint operator, or the transpose conjugate when a matrix representation is used. A CP map is also TP if and only if ř k M : k M k " I. Assume that a neighborhood structure is given, and that each subsystem is contained in some neighborhood. A CP map E is a neighborhood map (with respect to a neighborhood N j ) if there exists N j such that
where E Nj is the restriction of E to operators on the subsystems in N j and I N j the identity map for operators on H N j , respectively. An equivalent formulation can be given in terms of an OSR: Epρq " ř k M k ρM : k is a N j -neighborhood map (or simply QL with respect to N j ) if there exists a neighborhood N j such that, for all k,
The reduced map on the neighborhood then reads
As the identity factor is preserved by sums (and products) of the M k , it is immediate to verify that the QL property is well-defined with respect to the freedom in the OSR. For the discrete-time QL dynamics we are interested in, the relevant stabilizability properties are summarized in the following [15] , [16] :
Definition 1: A target state ρ P DpHq is quasi-locally stabilizable (QLS) with respect to a neighborhood structure N if there exists a sequence of CPTP neighborhood maps tE t u tě0 such that:
A target state ρ is quasi-locally finite-time stabilizable (FTS) in T steps if there exists a finite sequence tE t u T t"1 of neighborhood maps satisfying the invariance property (3) and ensuring that, @σ P DpHq,
Furthermore, ρ is robustly finite-time stabilizable (RFTS) if (3) and p5q hold for any permutation of the T maps.
C. Characterization of asymptotic QL stabilizability
We next recall the characterization of QLS pure states given in [15] , which in turns build on properly characterizing the interplay between the invariance condition (3) and the QL constraint on CPTP dynamics [11] , [12] , [13] . This effectively impose certain minimal fixed-point set, and hence suggests a structure for the stabilizing dynamics.
In order to formalize these results, we need to introduce the concept of Schmidt-span. Given
The Schmidt span is important because, if we want to leave an operator invariant with a neighborhood map E, this also imposes the invariance of all operators with support on its Schmidt span. Let FixpEq denote the fixed-point set of E. The following result, proven in [13] , makes this idea precise:
it must also be that
In particular, if the target state is pure, ρ " |ψyxψ|, and the state vector admits a Schmidt decomposition of the form |ψy " ř k |a j y b |b j y with respect to the bipartition
Leveraging the above observation, the following characterization of QLS pure states has been proved in [15] :
D. QL stabilization as frustration-free cooling
In order to develop some physical intuition on the role of H 0 j in the Theorem above, and understand how the maps used in the proof attain stabilization, it is convenient to resort to the concept of a parent Hamiltonian. Consider a QL Hamiltonian, namely, H "
H is called a parent Hamiltonian for a pure state |ψy if it admits |ψy as a ground state, and it is called a frustration-free (FF) Hamiltonian if any global ground state is also a local ground state, that is, argmin |ψyPH xψ|H|ψy Ď argmin |ψyPH xψ|H k |ψy, @k.
Suppose that a target state |ψy admits a FF QL parent Hamiltonian H for which it is the unique ground state. Then, similarly to what is possible for continuous-time dissipative preparation by Markovian dynamics [4] , [11] , the structure of H may be naturally used to derive a stabilizing discretetime dynamics: it suffices to implement neighborhood maps that locally "cool" the system. This is done in the proof of Theorem 1. It follows that a state ρ " |ψyxψ| is QLS by discrete-time dynamics if and only if it is the unique ground state of a FF QL parent Hamiltonian [15] .
Among the possible QL FF parent Hamiltonians that a given pure state may admit, one can be constructed in a canonical way from the state itself:
Definition 2: Given a neighborhood structure N " tN j u, the canonical FF parent Hamiltonian associated to |ψy is
in terms of the projectors Π Nj and Π j onto the Schmidt span H 0 Nj and the extended Schmidt span H 0 j , respectively. The canonical parent Hamiltonian plays an important role in the characterization of RFTS states for the locality of interest, in particular, in reference to its commutativity properties: we say that H |ψy is commuting if the defining projectors commute, rΠ k , Π j s " 0 for all j, k.
E. Sufficient conditions for RFTS
While QLS pure states admit a characterization that is both intuitive and lends itself to design of stabilizing dynamics, an equivalent result is not available for FTS or RFTS at a similar level of generality. In [16] , a number of sufficient conditions are provided. Here, we focus on the most general one that ensures RFTS, and that is also the most interesting towards unsupervised and distributed control implementation.
The key idea behind the relevant RFTS sufficient condition is to identify a decomposition of the full Hilbert space into virtual subsystems, such that (1) the QL constraint is respected; (2) the target state looks like a virtual product state. In order to obtain such a decomposition of H, two steps may be required in general:
‚ Coarse graining: First, we group physical subsystems into coarse-grained ones, that are contained in the same neighborhoods. Formally: Definition 3: Given H -Â n i"1 H i and a neighborhood structure N , we define coarse-grained subsystems (or coarsegrained particles) v to be the subsets of physical subsystems i such that i, j P v when i P N k implies j P N k ; that is, v are the group of subsystems that are contained in exactly the same set of neighborhoods. We define the coarse-grained subsystem space as H v " Â iPv H i . Coarse-graining of physical subsystems allows us to aggregate groups of subsystems that are subject to exactly the same constraints as far as the neighborhood structure is concerned, and on which we have full control. It is easy to see that, by construction, coarse-grained subsystems are mutually disjoint, in the sense that no physical subsystem can belong to two different coarse-grained subsystems.
‚ Local reduction: Next, we reduce each coarse-grained subsystem space to a subspace. Formally:
We are now ready to quote a set of sufficient conditions for a pure state to be RFTS, that covers all the states we know, or we can construct [16] :
Theorem 2: A pure state |ψy is RFTS relative to N if there exist a locally restricted space H -Â i H i , containing suppp|ψyq, that can be decomposed as a product of virtual subsystems, i.e. H " Â M j"1Ĥ j , and a unitary change of basis U :
The target state becomes a virtual product state, that is can be written as:
3) The QL constraint is respected, that is, for each virtual subsystem factorĤ j , there exists a neighborhood N k such that U´1pI
Two remarks are in order. First, given condition 2) above, |ψy is the unique ground state of a Hamiltonian
where eachĤ k projects onto the complement of the span of |ψ j y. Given the "virtually factorized" structure of the state, these projections commute. Furthermore, given property 3), these are all neighborhood Hamiltonians. Hence,Ĥ is a parent Hamiltonian for |ψy with respect to the given neighborhood structure, and is, in fact, its canonical parent Hamiltonian. Second, if the above conditions 1)-3) hold, it is easy to see that a CPTP map that prepares |ψ j yxψ j | not only exists but it is a neighborhood map. This directly gives RFTS. However, it is in general hard to check if a state admits such a decomposition, or, equivalently, to find the transformation U in Theorem 2.
III. CHARACTERIZATION OF ROBUST FINITE-TIME
STABILIZABILITY FOR TREE-LIKE HYPERGRAPHS
While Theorem 2 covers all the known examples of RFTS states (see [16] for a more in-depth discussion), as yet we have no indication on how to find a good U for a given ρ, nor do we know whether the above sufficient conditions are also necessary. We now describe a class of QL constraints for which a neighborhood factorization is both sufficient and necessary, as well as equivalent to the existence of a commuting canonical parent Hamiltonian. Fig. 1. (A) shows a neighborhood structure that obeys the MO property, as the intersection of any pair of N j is also the intersection of the triple. By enlarging N 2 to include the red subsystem, (B) fails to satisfy MO instead.
A. Tree-like hypergraphs
The class of QL constraints we focus on satisfies two key properties. The first constrains the way in which neighborhoods can overlap:
Definition 5: A neighborhood structure satisfies the matching overlap (MO) condition if for any set of neighborhoods that have a common intersection, this common intersection is also the intersection of any pair of the neighborhoods in the set.
This property, in turn, implies that the neighborhoods can only intersect on a single coarse-grained particle. While twobody neighborhoods necessarily satisfy the MO condition, general neighborhood structures need not. Figure 1 further illustrates the MO property: in both panels (A) and (B) the three neighborhoods have a non-empty intersection; however, in (B), the intersection of the pair N 2 and N 3 contains an extra subsystem, which causes the MO to fail.
The second property we need to impose is the absence of "cycles". In order to formalize it, we need to define what is a path on the multipartite system that is compatible with N , or, equivalently a path on the associated hypergraph. A (finite) path on N is a finite sequence of subsystem indexes interspaced by neighborhoods: jp0q, N kp1q , jp1q, N kp2q , jp2q, . . . , N kpN q , jpN q, that satisfies: ‚ jp q ‰ jpmq for all p , mq ‰ p0, mq; ‚ N kp q ‰ N kpmq for all p , mq; ‚ jp ´1q, jp q P N kp q for all " 1, . . . , N. We the say that subsystem a is connected to subsystem b if there is a path with jp0q " a, jpM q " b, and that a neighborhood N j is connected to N if there exists a path from a P N j to some b P N . If jp0q " jpM q it is called a cycle path. We then have the following:
Definition 6: A neighborhood structure (an hypergraph) is tree-like if it obeys the MO property and is acyclic, that is, it does not allow for cycle paths.
Notice that, if the MO property holds, each neighborhood contains coarse-grained particles that belong either to that neighborhood alone, or to an intersection. One can then construct a (standard) graph by removing the particles that
(A) shows a MO neighborhood structure that is acyclic; by adding neighborhood N 5 , (B) gains a cycle. On the right side, we depict the corresponding graphs after the single-neighborhood subsystems are removed, which can be equivalently used to determine the tree-like property.
belong to a single neighborhood, associating nodes to the multi-neighborhood particles and adding edges between pairs of the latter that belong to the same neighborhood. If the resulting graph admits cycle paths (in the standard sense) then the initial hypergraph does as well, and hence it is not tree-like, and viceversa.
B. Main result
The main result of this paper can now be stated as follows: Theorem 3 (RFTS on trees): Let N be a tree-like neighborhood structure on H. A pure state |ψy is RFTS with respect to N if and only if the projectors Π j onto the neighborhood reduced states of |ψy commute pairwise.
The "if" implication follows directly from Theorem V.13 of [16] . We thus focus on the necessity part. The proof requires a few auxiliary results which have also been proved in [16] , and which we recall next. The first result constrains the form of a stabilizing neighborhood map:
Lemma 1: If E k acting on N k preserves |ψyxψ|, then, for arbitrary ρ it must be
for some CPTP E R . We will also make use of the following trace inequality: Proposition 1: Let Π 1 and Π 2 be projectors, with Π 1X2 the projector onto their intersection. Then
Combining the two results above, the following result concerning the commutativity of the projections onto the supports is established in [16] . Define N q k " Ť j‰k N j . Proposition 2: If |ψy is RFTS with respect to neighborhood structure N , then rΠ k , Π q k s " 0 for all neighborhoods N k , where Π k and Π q k are the projectors onto H 0 k " supppTr k p|ψyxψ|q b I k q and H 0 q k " supppTr jRN q k p|ψyxψ|q b I jRN q k q, respectively. Here, we prove an alternative necessity result showing that RFTS does require commutativity of projectors beyond just Π k and Π q k as above; in fact, commutativity is required essentially for any pair of projections emerging from a bipartition of the neighborhoods:
Proposition 3: Let |ψy be RFTS with respect to N , N Λ " Ť jPΛ N j be the union of neighborhoods with index in some subset Λ, and N q Λ " Ť jRΛ N j . Then rΠ Λ , Π q Λ s " 0, where Π Λ and Π q Λ orthogonally project onto supppTr jRΛ p|ψyxψ|qb I jRΛ q and supppTr jR q Λ p|ψyxψ|q b I jR q Λ q, respectively. Proof. Assume that |ψy is RFTS by neighborhood maps E k . Without loss of generality, assume that the subset of maps indexed by Λ acts after the remaining neighborhood maps. Let E Λ be the composition of this subset of maps and E q Λ be the composition of the remaining neighborhood maps. Robust stabilizability, then, implies that E Λ˝E q Λ p¨q " |ψyxψ|Trp¨q. By the invariance requirement, E q Λ pΠ q Λ q " Π q Λ . Thus, applying the sequence to Π q Λ , we have
Conjugating both sides of the equation with respect to Π Λ , we can apply Lemma 1 to obtain
where σ is some positive-semidefinite operator. Next, conjugating both sides of the new equation with respect to the projectorΠ Λ " Π Λ´| ψyxψ| makes the left-hand side equal to zero, while leaving the sum of two positive semidefinite operators on the right hand side, namely,
The sum of two positive-semidefinite matrices is zero only if both matrices are zero. Taking the trace of the first zero matrix thus gives
This holds only if rΠ Λ , Π q Λ s " 0. As the above arguments are made for a general index subset Λ, they must hold for all such index sets. l
We next prove a proposition that allows for a simplification of the commutation condition in Proposition 2 for certain neighborhood structures:
Proposition 4: Let A, B, and C be three neighborhoods, such that A X B Ď C. Let Π A and Π B be two neighborhood projectors on A and B, respectively, and define, in addition, the projectors Π Tr C pΠ A q on supppTr C pΠ A q b I C q and Π Tr C pΠ B q on supppTr C pΠ B q b I C q. Then:
Proof. From rΠ A , Π B s " 0, we have Tr C prΠ A , Π B sq " 0.
Let σ Tr C pΠ A q " Tr C pΠ A q and σ Tr C pΠ B q " Tr C pΠ B q. Since C contains A X B, we have rσ Tr C pΠ A q , σ Tr C pΠ B q s " 0. Finally, since Π Tr C pΠ A q can be written using the same resolution of the identity of σ Tr C pΠ A q , and similarly for Π Tr C pΠ B q with respect to σ Tr C pΠ B q , these must also commute: rΠ Tr C pΠ A q , Π Tr C pΠ B q s " 0. l In our application of the above result, both Π A and Π B will be supports of reduced states, say, ρ A and ρ B . However, the objects we are ultimately concerned with are of the form Π Tr C pρ A q , which is not, a priori, the same as the Π Tr C pΠ A q of the above proposition. In order to apply the above proposition to projectors on neighborhood-reduced states, we prove that, in fact, Π Tr C pρ A q " Π Tr C pΠ A q . The following proposition suffices:
Proposition 5: Let ρ P DpH 1 bH 2 q be a positive semidefinite operator, with spectral decomposition ρ " ř i λ i P i . Then supppTr 2 pρqq " supppTr 2 p ř ij r j λ αj P i qq, for r j ą 0 and α j P R. Proof. Consider the spectral decomposition ρ " ř i λ i P i with λ i ě 0. We then compute
for any α j P R, and r j ą 0. l
In particular, setting r j " δ ij , with α i " 0, we have ř ij r j λ αj i P i " ř i P i " Π, the orthogonal projection onto supppρq. Hence, supppTr 2 pρqq " supppTr 2 pΠqq.
Corollary 2:
Let |ψy be a many-body pure state. Let A and B be two, possibly overlapping, neighborhoods. Let C be a neighborhood containing A X B. For any neighborhood X, let Π X be the projector onto supppTr X p|ψyxψ|q b I X q. If rΠ A , Π B s " 0, then rΠ AXC , Π BXC s " 0. Proof. While Proposition 4 ensures the commutation of the projection onto the support of Tr C pΠ A q, and similarly for B, here Π AXC denotes the projection onto the support of |ψyxψ| in A X C. However, the particular use of Proposition 5 outlined above with r j " δ ij and α i " 0 ensures that supppTr C pTr A p|ψyxψ|qq " supppTr C pΠ A qq, proving that the two projections are the same. l
Finally, by exploitng the MO and the acyclic properties, as well as Corollary 2, we can refine the necessary condition of Proposition 2 for RFTS, as anticipated:
Proof of the "only if" implication of Theorem 3. Assuming that |ψy is RFTS, Proposition 2 implies that rΠ Λ , Π q Λ s " 0 for any bipartition of the set of neighborhoods in Λ, Λ: we here use the hypothesis on the QL notion in order to show that pairwise commutativity of the Π j is actually necessary as well. Consider two neighborhoods N j and N k . If N j XN k " tu, then rΠ j , Π k s " 0 trivially. In the case that they do intersect, define a " N j X N k . Thanks to MO property, a is a single coarse-grained particle. Define A to be the union of neighborhoods which are connected to N j by a path that starts with a, N j , . . . . The tree-like property then guarantees |ψ S 1 |ψ S 2 |ψ S 3 Fig. 3 . Construction of GBV states: virtual particles (colors) are identified within coarse grained ones (green), grouped into S k (virtual particles of the same color) and a pure entangled state |ψ S k y is associated to each group.
that A cannot contain any other neighborhood that contains a; hence, A will not be the full neighborhood set: in fact, assume by contradiction that A contains some N , such that a P N ; by definition of A there would exist a cycle starting with a, N j , . . . that ends with . . . , N , a, which is impossible by hypothesis. Hence, the disjoint sets of neighborhoods B " A and A are non empty and form a bipartition of the set of neighborhoods. By identifying A " Λ, B " q Λ, Proposition 2 ensures that rΠ A , Π B s " 0. Moreover, B contains N k . Let C " N j Y N k , so C Ě tau " A X B. Hence, we may apply Corollary 2 to obtain rΠ j , Π k s " 0 from rΠ A , Π B s " 0. l Now notice that the canonical Hamiltonian H |ψy is composed of QL terms of the form I´Π k . We thus immediately obtain the following corollary: Corollary 3: Let N be a tree-like neighborhood structure. A pure state |ψy is RFTS with respect to N if and only if it is the unique ground state of its canonical FF commuting parent Hamiltonian.
C. An example and a further characterization: GBV states
A class of states introduced in [16] , inspired by the work of Bravyi and Vyalyi in [21] and named accordingly, is that of generalized Bravyi-Vyalyi (GBV) states. These are constructed by decomposing each coarse-grained particle v into a set of virtual particles, H v " H 0 v ' Â fv j"1 H vj . Then for each neighborhood N k , a subset S k of pairs vj belonging to that neighborhood is selected such that the sets S k are disjoint and each vj is contained in some S k . The GBV state is constructed by assigning a pure state factor to each group of S k , namely |ψ GBV y " Â k |ψ S k y. If the |ψ S k y are entangled, and the virtual particles do not factorize with respect to the physical subsystem decomposition, |ψ GBV y will be generically non-trivially entangled.
This method is illustrated for a tree-like hypergraph in Fig.  3 . It is easy to see that the canonical parent Hamiltonian for such states has QL terms of the form H k " I´|ψ S k yxψ S k |, which commute since they belong to disjoint groups of virtual particles. Hence, on the one hand Corollary 3 confirms that these states are RFTS. On the other hand, by extending the C˚-algebraic construction in the proof of Theorem V.13 in [16] to leverage the absence of cycles in tree-like hypergraphs, it is possible to show that having commuting parent Hamiltonians within this class of QL notions always ensures the existence of a virtual-particle decomposition as the one described above. In other words, a state is RFTS on a tree-like hypergraph (equivalently, a state is the unique ground state of a commuting FF QL parent Hamiltonian) if and only if it admits a representation as a GBV state.
